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ABSTRACT

GROSSI, M. C. Infinite nanocylinders as capacitive and inductive nanoelements in metatronics.
2019. 54p. Monograph (course completion project) - São Carlos School of Engineering, University of São
Paulo, São Carlos, 2019.

Optical circuits have the potential to shift the way data processing is done, bringing a new range of

applications. Taking as a starting point complete and to be published studies, the analytic equations for

the incident, scattered and internal nanoimpedances associated with the scattering of a plane-wave by

an infinite cylinder are successfully deduced. It is done for the case of a wave with arbitrary orientation

and a dielectric or plasmonic nanocylinder. The expressions exhibit a dependence on the incidence angle,

differently from the case of a nanosphere. The cases for normal and parallel incidence are closely analyzed,

exploring the capacitor or inductor behavior depending on the cylinder’s material. Latter, results are

evaluated for distinct incident angles and array of relative permitivitty, displaying accurately the behavior

of the functions. Finally, in order to have visual insights, a visualization of the incident and scattered

electric fields is done, using Mathematica software. It is implemented applying explicitly the plane-wave

expansion.

Keywords: Optical Circuit. Metatronics. Nano-cylinder. Nano-inductor. Nano-capacitor. Field Expansion.

Plasmonics. Metamaterial. Generalized Lorenz Mie Theory. Simulation.





RESUMO

GROSSI, M. C. Nanocilindros infinitos como nanoelementos capacitivos e indutivos em
metatrônica. 2019. 54p. Monografia (Trabalho de Conclusão de Curso) - Escola de Engenharia de São
Carlos, Universidade de São Paulo, São Carlos, 2019.

Circuitos opticos têm o potencial de mudar a maneira como processamento de dados é feito, trazendo

novas formas de aplicações. Tomando como ponto de partida estudos completos e a serem publicados, é

apresentada a dedução de equações analíticas para nano-impedâncias incidentes, espalhadas e internas,

associadas com o espalhamento de um onda plana por um cilindro infinito. Isto foi feito para o caso

de um onda de orientação arbitraria e com o nano cilindro dielétrico ou plasmônico. As expressões

exibem dependência ao ângulo de incidência, diferentemente do caso de uma nano esfera. Os casos para

incidência normal e paralela são analizados de perto, explorando o comportamento de capacitor ou indutor

dependendo do material do cilindro. Então, resultados numéricos são avaliados para distintos ângulos de

incidência e um segmento de valores de permissividade relativa, mostrando com precisão o comportamento

das funções. Finalmente, para obter uma percepção visual, uma simulação dos campos incidentes e

espalhados foi feita, utilizando o software Mathematica. Foi implementado aplicando explicitamente as

expansões de onda plana.

Palavras-chave: Circuito óptico. Metatrônica. Nano cilindro. Nano indutor. Nano capacitor. Expansão de

campos. Material plasmônico. Metamaterial. Teoria de Lorenz Mie generalizada. Simulação.
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1 INTRODUCTION

1.1 Contextualization and Motivation

Since Alessandro Volta invented the electrical battery in 1799, electrical circuits started being

developed and have been facing a dramatic improvement. One important concept for this, is the circuit

modularization in passive and active elements, in which each one is described by a specific function.

Separated parts allow simplification of the modeling of each element, thus establishing an easier path for

the improvement. These elements can be lumped to create complex systems with different purposes.

It is important to notice that this “lumped” element modeling is only applicable if the physical size

of the circuit is much smaller than its operating wavelength (GERSHENFELD, 2000). All the elements

and circuits analyzed in this work follow this rule.

The aforementioned notion has paved the way for the miniaturization of circuits, which is a very

important topic to the development of new technologies. The size of the circuit elements shrunk with time

and have successfully been used in the radio frequency domain (3 KHz - 300 GHz or 1 mm - 100 Km

wavelength) and microwave domain (300 MHz - 300 GHz or 1 mm - 1 m wavelength).

Therefore, the logical next step is to keep downsizing elements and consequently whole circuits

to operate in the infrared (300 GHz - 405 THz or 1 mm - 740 nm wavelength) domain and visible spectrum

(405 THz - 790 THz or 740 nm - 380 nm wavelength). This could improve information processing,

data transfer and storage capacity on embedded tiny equipment. And this could be used for enhancing

medicine techniques, communications and others. There are methods and technology available today that

make it possible to craft structures in such a small scale. However, one cannot achieve this goal by only

downsizing the elements. There are many challenges to the task that emerge and that must be adequately

addressed.

One of such challenges is the interaction between materials and the electromagnetic waves in

the visible spectrum. At this scale, the most used theories do not apply satisfactorily, and unforeseen

couplings between light and matter occur.

There are some noble metals, metal-like materials (WEST et al., 2010) and metamaterials - “arti-

ficial materials with unusual electromagnetic properties that are not found in naturally occurring materials”

(KSHETRIMAYUM, 2005) - that exhibit negative real permittivity. They are called plasmonic materials.

The free electrons in the surface of these materials - in the boundary with a dielectric medium - can sustain

collective charge density oscillations (plasmons) that can interact with light and produce propagating

electromagnetic waves (surface plasmon polaritons) (CAI; SHALAEV; PAUL, 2010). This allows optical

signals to be propagated in an even smaller scale, which can then be used in the miniaturization process.

The concept behind electrical circuits consists of a flow of a quantity (the electrical current as

the flow of electrons) related to the potential of another quantity (the electric potential) going through

elements with specific functions (the resistors, inductors, capacitors, etc.) (ENGHETA, 2007). For optical

circuits, the flow cannot be an electrical current. For that purpose, one must have recourse to another term

that comes from the addition made by Maxwell to the Ampère’s circuital law: the displacement current
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density ∂D/∂t (being D the displacement field) (ENGHETA, 2007).

The notion of nanoelectronics, usually called “metatronics1”, is in its early stages of development.

Some attempts have already been made on designing nanodevices. Nader Engheta and his group introduced

the concept of nanoinductors and nanocapacitors using nanospheres (ENGHETA; SALANDRINO;

ALÙ, 2005). Since then, many other works have been presented regarding different types of optical

nanocircuits (ALÙ; ENGHETA, 2007; SALANDRINO; ALÙ; ENGHETA, 2007; ALÙ; SALANDRINO;

ENGHETA, 2007; SILVEIRINHA et al., 2008; ALÙ; ENGHETA, 2009). Recently, researchers designed

a metastructure capable of integrating an arbitrary wave as an input function, generating a complex valued

electromagnetic field as output (ESTAKHRI; EDWARDS; ENGHETA, 2019).

However, there are still many aspects which can be improved and a lot of room for theoretical

as well as applied researches. It is a challenging and fascinating field that demands intellectual capital

investment and state-of-the-art techniques. Also, it can lead to important advancements in biological

circuits, nano-optics, optical information storage, biophotonics, molecular signaling and so on (ENGHETA;

SALANDRINO; ALÙ, 2005). The field is booming with new concepts and designs that are contributing

to, one day, having faster complex data processing with light in a nanoscale.

This study approaches the theme by considering the design of a nanoparticle that can act as an

inductor or a capacitor depending on the material properties and the plane-wave’s incident angle. This

is possible defining the geometry of the particle as a cylinder, since it does not have the symmetrical

properties the sphere has (which is found in most designs).

1.2 Objectives

This study aims at mathematically modeling elements for optical circuits (for the case of a plane

wave) with inductive and capacitive characteristics, using dielectric or plasmonic infinite cylinders in the

nanometer scale.

Furthermore, the goal is to analytically determine the expressions and simulate the electric field

behavior using the commercial software Mathematica and evaluate the expressions functionality.

Additionally, this study is an extension of one also in metatronics and plasmonics involving

different applications. The article is called “Optical Camouflage and Transparency with Metamaterials”

(GROSSI; AMBROSIO, 2016). As said, it shares theories and subjects with this study, like plasmonic,

metamaterials and Mie Theory for scattering waves. Thus it will expand my knowledge of the field and of

electrical engineering in general.

This research is a complementary work to the articles (AMBROSIO; HERNÁNDEZ-FIGUEROA,

2013) and (GROSSI; AMBROSIO, 2019).

Hopefully it will break ground for new technologies and advancements in the field.

1 Initially, the term was written as “metactronics” (ENGHETA, 2007). Latter it started to be referred to as
“metatronics” (ENGHETA, 2011)
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1.3 Project Organization

The remainder of this document is organized as follows: Chapter 2 contains the theoretical

background, where all the knowledge required to understand this project is presented including specific

equation development, i.e., the context regarding the field of study development, the mathematical tools

used and the deduction of the necessary equations. Chapter 3 analyzes the equations obtained in a anlytical

perspective, using examples, and later a visualization of the fields is done using the commercial software

Mathematica. Also, the results are discussed. Finally, in Chapter 4, the conclusions are presented.
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2 THEORETICAL BACKGROUND AND DEVELOPMENT

2.1 Initial Considerations

Optical circuits have the same underlying physical principles of electric circuits: electromagnetic

theory or, equivalently, Maxwell’s equations. Thus, in order to understand the former, it is important to

fully comprehend the latter.

Since it is a complex topic, a parallel will be drawn between electrical and optical circuit elements

to clarify its functionality and define its desired behavior. However, it is important to keep in mind that

some variables might not be the same, as previously said in Chapter 1, for example, in the optical circuit

the displacement current density will play the role that the electrical current plays in electrical circuits.

Commonly, the electric circuit fundamentals and equations are thought as a freestanding set

of rules. Nevertheless, it all comes from deductions starting from Maxwell’s equations and specific

conditions.

One of these conditions is that the frequency must be below a given limit so that the total physical

size of the circuit is much smaller than the electromagnetic wavelength (GERSHENFELD, 2000). If the

size is comparable to the wavelength, the electrical circuit laws do not work and it is necessary to model

the problem as transmission lines.

In this study, despite the use of infinite cylinders, we can consider that the nanoscale circuit is

much smaller than the wavelength of the impinging wave. Thus, we can draw a parallel between the

functionality of the elements of both circuits.

2.2 Impedance

The electrical impedance of a circuit element is quantitatively represented by the ratio of the

complex representation of a sinusoidal voltage between its terminals divided by the complex representation

of the current flowing through it (CALLEGARO, 2016).

These circuit elements can be labeled as resistors, inductors and capacitors depending on their

resistive (real part) and reactive (imaginary part) impedances. There is a general form to depict them.

In this work, Cartesian and polar forms will be used to express complex numbers. Resistors can me be

expressed as ZR = R, where R is the real part. The inductors are represented as

ZL = i.ω.L, (2.1)

where i is the imaginary unit, ω is the frequency and L is the number or expression for the inductance.

Finally, for the capacitors one has

ZC =
1

i.ω.C
= − i

ω.C
, (2.2)

where C is the number or expression for the capacitance.

One may notice that when the imaginary part of a given impedance assumes negative values, it is

classified as a capacitor. Also, when it assumes a positive value, it is considered an inductor. This notion
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can be extended to the case of the nanoelements that will be analyzed in the next sections, i.e. negative

values of nanoimpedances should be interpreted as nanocapacitors and positive ones as nanoinductors.

This section will be useful for an equation comparison in sections 2.5 and 2.6 of this present

chapter.

2.3 The Spherical Case

Since the majority of seminal studies done in the field are for the case of a spherical particle, an

overview of it will be briefly given. Then the case for an infinite cylinder will be analyzed.

In 1908, Gustav Mie published a paper that would become the basic building block for a series of

studies in electromagnetic wave scattering. The paper describes the interaction between a sphere and a

electromagnetic plane wave, using the framework of Maxwell’s electromagnetism. Prior to that, applying

the same method of separation of variables, Lorenz published an equivalent paper, but relying on the

mechanical theory of aether. Thus, the theory is referred to as Lorenz-Mie Theory (GOUESBET, 2009).

The physical phenomenon is simple. An incident radiation (light) creates oscillations on the

electrons of the particle (sphere in this case). The effect is a secondary radiation known as scattering. Also,

a part of the incident radiation is absorbed. These radiations depends on the material and geometrical

characteristics of the scatterer.

To mathematically model this problem, the starting point is Maxwell’s equations. They are used

to deduce the wave equation, that in this case is a plane wave. The problem is reduced to solving only

the scalar equation, called the generating function, that benefits from using a more suitable coordinate

system (the spherical here). It is in a form of a partial differential equation (PDE) function, that can be

transformed to three ordinary differential equation (ODE), using separable coordinates. The solutions

must be linearly independent and single-valued. Every solution (incident, scattered and internal fields) can

be expanded in the form of infinite series of spherical harmonics. Later, applying the boundary conditions,

the Mie coefficients1 from the solutions can be determined.

In order to evaluate this infinite series, some of the theories were conceived to wisely truncate

it without losing precision. The most used one is the dipolar approximation (also known as Rayleigh

approximation). In this case, the electric dipolar Mie scattering coefficients are considered, and the

magnetic ones are disconsidered, since the relative permeability is considered to be 1, thus only the

electric coefficients significantly contributes in the overall phenomenon. For cases where the particle has

magnetic properties, those coefficients should be considered. Nevertheless, this approximation is only

applicable if:

1. |M |x << 1, with M being the relative refractive index of the particle and x the size parameter

(x = 2πa/λ);

2. d << λ, being λ the wavelength of the incident wave and d the dimension of the scatterer.

The problem for a sphere benefits from the geometric symmetry and the final expressions do not

depend on the wave’s incident angle.

1 The Mie scattering coefficients are the expansion coefficients of the the scattered field for the Mie solution
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2.4 Mathematical Modeling for the Infinite Cylinder Case

In this section, a similar procedure to the one just presented will be developed for the cylinder

case.

First, one cannot use the dipolar approximation. Since the particle in analysis is an infinite

cylinder, the second condition of the preceeding section is not met. Many other studies were made for

more generic cases regarding the interaction of different shaped beams with several other particle shapes,

also using the method of separation of variables. Those are labeled as Generalized Lorenz-Mie Theory

(GLMT) (GOUESBET, 2009).

In order to mathematically treat the problem, it is necessary to use an equivalent version of the

expansion of electromagnetic field components in spherical harmonic functions - found in (BOHREN;

HUFFMAN, 1998) - for simple and lossless dielectric and plasmonic cylinders. The EM fields found

by this dipole approximation (for the cylinders case) should use at least two cylindrical Mie scattering

coefficients, that is, both the dipolar electric and magnetic terms contributes.

It is important to notice that the term "infinite cylinder" should be interpreted as cylinder with its

longitudinal dimension z several times longer than its diameter. A fair approximation of this would be

z > 20a, being a the diameter (BOHREN; HUFFMAN, 1998).

Since the problem is not symetrical as the spherical case is, the nanoimpedance may be a function

of the spatial position of the particle, of the direction of propagation of the impinging wave and its

polarization.

The goal of this section is to find, with the aid of the GLMT, the explicit closed-form solutions for

the average potential difference, displacement currents, internal and fringing nanoimpedances associated

with the scattering of a plane wave by an infinite cylinder.

Consider a isotropic, homogeneous, lossless and non-magnetic cylindrical particle with radius

a. It is spatially oriented with its axis on the z-axis. The case for a parallel impinging electromagnetic

plane wave will be addressed first. It propagates along the x-z plane according to the function êi =

−sinξêx−cosξêz having a time harmonic factor exp(iωt). The latter will be omitted in order to make the

equations less cumbersome. Thus, the incident electric field can be described, in cylindrical coordinates

(ρ, φ, z), as

E//i = E0(sin ξêz − cos ξêx)× exp[ik(ρ sin ξ cosφ+ z cos ξ)], (2.3)

in which E0 is the field strength, k the wave number, ξ the incident angle relative to the axis of the

cylinder.

For the case of a perpendicular polarization, where the electric field vibrates along the y-direction,

the equation is expressed as

E⊥i = E0êy exp[ik(ρ sin ξ cosφ+ z cos ξ)] (2.4)

In order to find the equation for the impedance, it is necessary to describe the current and average

potential difference. As it was said before, in this case the displacement current will be used. So its

continuity along ρ = a will be analyzed. The average potential difference will be calculated between the

surface of two hemispheres, defined by (ρ = a,−π/2 < φ < π/2, z) and (ρ = a, π/2 < φ < 3π/2, z).
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From this, one can conclude that only the radial component Eρ of the electric field matters here, which

will be the basis for the deduction of closed-form solutions.

Figure 1: Illustrative image of the cylinder orientation and electric field

2.4.1 The Bromwich Method

Before beginning, it should be mentioned that there are a couple of ways to solve the Mie

scattering equations among researchers. The most popular one is the use of Hertz-Debye potentials,

which are written in vectorial form using vector wave functions (GOUESBET; GRÉHAN, ). Although it

is the most concise way, historically the studies regarding the Lorenz Mie Theory uses the Bromwich

method, that is based on scalar potentials. Since the methods are equivalent and the articles (GROSSI;

AMBROSIO, 2019) and (AMBROSIO; HERNÁNDEZ-FIGUEROA, 2013) use the Bromwich method,

the scalar option has been chosen.

The following deductions (until subsection 2.4.3 “Wave Expansion”) have also been detailed in

(GOUESBET; GRÉHAN, 1994) and (GOUESBET, 1997). The building block is the GLMT applied to

cylindrical scatterers. Also, it is important to emphasize that this work will only use the fundamental

equations necessary to the development of this study and will not detail the mathematical formalism.

When the media is linear, local, isotropic and homogeneous (which is the case), the Maxwell

equations can be simplified to the special Maxwell equations (SMEs). A known method to solve these

equations, as mentioned before, is the Bromwich method. To use it, one needs to use an orthogonal

curvilinear coordinate system.

For any point P in the cylindrical coordinate system (z, ρ, φ) = (x1, x2, x3). Applying Pythago-

ras’ theorem, one has (GOUESBET; GRÉHAN, 1994):

ds2 = (e1)
2dz2 + (e2)

2dρ2 + (e3)
2dφ2 (2.5)
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, being ds an infinitesimal distance. Thus

e1 = e2 = 1, e3 = ρ (2.6)

Then,

e1 = 1,

∂

∂x1

(e2
e3

)
=

∂

∂z

(1

ρ

)
= 0

(2.7)

Any solution to the SMEs in this method are a summation of two linearly independent solutions,

the Transverse Magnetic wave (TM) and the Transverse Electric wave (TE). The TE mode is characterized

by having no electric field in the direction of propagation of the wave, i.e., the electric field is always

perpendicular to k. Additionally, in the TM mode, the magnetic field is always perpendicular to the

direction of propagation.

Applying Gauss, Faraday and Ampère laws with components e1, e2 and e3 in Maxwell equations,

and after some algebra, one can derive the following equations for the two pairs of special solutions

(ETM ,HTM ) and (ETE ,HTE):

Ez,TM =
∂2UTM
(∂z)2

+ k2UTM (2.8)

Eρ,TM =
∂2UTM
∂z∂ρ

(2.9)

Eφ,TM =
1

ρ

∂2UTM
∂z∂φ

(2.10)

Hz,TM = 0 (2.11)

Hρ,TM =
iωε

ρ

∂UTM
∂φ

(2.12)

Hφ,TM = −iωε∂UTM
∂ρ

(2.13)

Ez,TE = 0 (2.14)

Eρ,TE = − iωµ
ρ

∂UTE
∂φ

(2.15)

Eφ,TE = iωµ
∂UTE
∂ρ

(2.16)

Hz,TE =
∂2UTE
(∂z)2

+ k2UTE (2.17)
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Hρ,TE =
∂2UTE
∂z∂ρ

(2.18)

Hφ,TE =
1

ρ

∂2UTE
∂z∂φ

, (2.19)

being ε the permittivity and µ the permeability.

The solutions may be found solving a partial differential equation (as consequence of Amperère’s

law) for Bromwich Scalar Potentials (BSP), which in this case are represented by UTM and UTE . For the

cylindrical coordinate system, the equation reads as:

∂2U

∂z2
+ k2U +

1

ρ

∂

∂ρ
ρ
∂U

∂ρ
+

1

ρ2
∂2U

∂φ2
= 0, (2.20)

being U valid for UTM and UTE .

With the values for U found for the equation 2.20, one can find the TM and TE components for

the electric and magnetic fields.

2.4.2 Separation of Variables

As previously said, GLMT uses the separability of variables to find the closed-form solutions.

There exists only eleven separable coordinate systems (GOUESBET; GRÉHAN, 1994) and, not coinci-

dentally, one of them is the cylindrical. So one can find separate solutions for each component.

The solutions to equation 2.20 are found using the separability according to

U(z, ρ, φ) = Z(z)R(ρ)Φ(φ) (2.21)

Replacing the equation 2.21 in the BSP equation 2.20, one get that the functions Z(z), R(ρ),Φ(φ)

satisfy:
d2φ

dφ2
+ bφ = 0 (2.22)

d2Z

dz2
+ aZ = 0 (2.23)

ρ
d

dρ

(
ρ
dR

dρ

)
+ (k2ρ2 − aρ2 − b)R = 0 (2.24)

Using the continuity condition to equation 2.22, requiring that the solution of equation 2.23 remain

finite and using R(ρ) = <(r) in equation 2.24 - details can be found at (GOUESBET; GRÉHAN, 1994) -,

one may obtain, according to the separability dogma, that the general BSPs are a linear combination of a

generating function described as:

G(z, ρ, φ) =


Jm(r)

Ym(r)

H
(1)
m (r)

H
(2)
m (r)

 exp(imφ) exp(ikδz), (2.25)
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being mεZ, Jm(r) the first kind of Bessel function, Ym(r) the second kind of Bessel function, H(1)
m (r) a

Hankel function denoted by H(1)
m (r) = Jm(r) + iYm(r) and H(2)

m (r) another Hankel function denoted

by H(2)
m (r) = Jm(r)− iYm(r). Also, δ = cosξ and r = kρ

√
1− δ2.

2.4.3 Wave Expansion

2.4.3.1 Incident Wave Expansion

From the Bessel and Hankel functions introduced in the last section, only Jm(r) does not diverge

at r = 0. Thus, it must be chosen in the function to generate the BSPs that read as

U iTM =
E0

k2

+∞∑
m=−∞

(−i)mFm,TMJm(r) exp(imφ) exp(ikδz) (2.26)

U iTE =
H0

k2

+∞∑
m=−∞

(−i)mFm,TEJm(r) exp(imφ) exp(ikδz), (2.27)

in which Fm,TM and Fm,TE are the beam shape coefficients. They can be determined by using the

orthogonality relation - details can be found at (GOUESBET; GRÉHAN, 1994).

Fm,TM =
exp(−kδz)

2π(1− δ2)(−i)mJm(r)

2π∫
0

(Eiz/E0) exp(imφ)dφ (2.28)

Fm,TE =
exp(−kδz)

2π(1− δ2)(−i)mJm(r)

2π∫
0

(H i
z/H0) exp(imφ)dφ (2.29)

Using equations 2.26, 2.27 and equations 2.9, 2.12, 2.15 and 2.18 one may derive all incident

field components. Since, as previously discussed, the only component that matters to us is the radial one:

Eiρ = E0

+∞∑
m=−∞

(−i)m
[
iδ
√

1− δ2Fm,TMJ ′m(r) +
m

kρ
Fm,TEJm(r)

]
exp(imφ) exp(ikδz) (2.30)

As said previously in section 2.3, the equation can be truncated for the two first components

(m = 0 and m = 1). After some algebraic work, it reads as

Eiρ = −iE0δ
[
J ′0(r)− 2iJ ′1(r)cosφ

]
exp(ikδz) (2.31)

2.4.3.2 Scattered Wave Expansion

H
(2)
m (r) must be chosen in the generating function 2.25 for the outgoing wave. The BSPs for the

scattered wave are

U sTM = −E0

k2

+∞∑
m=−∞

(−i)mSm,TMH(2)
m (r) exp(imφ) exp(ikδz) (2.32)

U sTE =
H0

k2

+∞∑
m=−∞

(−i)mSm,TEH(2)
m (r) exp(imφ) exp(ikδz), (2.33)
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in which Sm,TM and Sm,TE are the Mie Scattering coefficients. They are found by imposing the continuity

of tangential fields over the surface - details can be found at (GOUESBET; GRÉHAN, 1994).

Using equations 2.32, 2.33 and equations 2.9, 2.12, 2.15 and 2.18 one may derive all incident

field components. The radial component reads as

Esρ = E0

+∞∑
m=−∞

(−i)m
[
−iδ(1−δ2)Sm,TMH ′(2)m (r)+

m

kρ
Sm,TEH

(2)
m (r)

]
exp(imφ) exp(ikδz) (2.34)

As said previously in section 2.3, the equation can be truncated for the two first components

(m = 0 and m = 1). After some algebraic work, it reads as

Esρ = E0

{
− iδ

√
1− δ2S0,TMH ′(2)0 (r)− 2i

[
− iδ

√
1− δ2S1,TMH ′(2)1 (r)+

S1,TEH
′(2)
1 (r)/(kρ)

]
cosφ

}
exp(ikδz)

(2.35)

2.4.3.3 Internal Wave Expansion

Here, the Jm should be used in the generating function to avoid divergences at ρ = 0. Also, the

wave-number k must be replaced for kc, being kc = kM . Consequently one will have εc = εk2c/k
2 =

M2ε and rc = kρ
√
M2 − δ2. The BSPs for the internal wave are

U cTM =
E0

k2M

+∞∑
m=−∞

(−i)mCm,TMJm(rc) exp(imφ) exp(ikδz) (2.36)

U cTE =
iH0

k2

+∞∑
m=−∞

(−i)mCm,TEJm(rc) exp(imφ) exp(ikδz), (2.37)

in which Cm,TM and Cm,TE are the Mie Scattering (internal) coefficients. They are found by imposing

the continuity of tangential fields over the surface - details can be found at (GOUESBET; GRÉHAN,

1994).

Using equations 2.36, 2.37 and equations 2.9, 2.12, 2.15 and 2.18 one may derive all incident

field components. The radial component reads as

Ecρ = iE0

+∞∑
m=−∞

(−i)m
[ δ
M

√
M2 − δ2Cm,TMJ ′m(rc) +

m

kρ
Cm,TEJm(rc)

]
exp(imφ) exp(ikδz)

(2.38)

As said previously in section 2.3, the equation can be truncated for the two first components

(m = 0 and m = 1). After some algebraic work, it reads as

Ecρ = −iE0

{
δ
√
M2 − δ2C0,TMJ

′
0(rc)/M−2i

[
δ
√
M2 − δ2C1,TMJ

′
1(rc)/M+C1,TEJ1(rc)/(kρ)

]
cosφ

}
exp(ikδz)

(2.39)

2.4.4 Nanoimpedance for Parallel Polarization

The detailed process to deduce the equations in this chapter can also be found at (GROSSI;

AMBROSIO, 2019).
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The generic equations for the components of the radial electric field (2.30, 2.34 and 2.39), can be

simplified . Since the physical dimensions and the electromagnetic properties of the cylinder (x << 1 and

|M |x << 1), the expansion of the field, that sums over m from −∞ to +∞, can be truncated for m = 0

and 1. And, as discussed in (BOHREN; HUFFMAN, 1998), the coefficients Sm,TM and Sm,TE become

negligible for m > 1 in this regime.

It is known that the electrical potential of a surface in an instant moment in time is given by the

integral of the electric field over the surface as follows

VE = −
∫ ∫

Eρ.dφ.dz (2.40)

This is only valid considering a quasistatic approximation, where5×E is locally zero2 (EN-

GHETA, 2007). The limits for the integral are the length of the cylinder in z and the angles that define the

two hemispheres of the cylinder (−π/2 < φ < π/2) and (π/2 < φ < 3π/2).

Using the equation defined above 2.40 with E = Ec − Ei (Ec from 2.30 and Ei from 2.39), the

average potential difference 〈V 〉 between the two planes defined by (ρ = a,−π/2 < φ < π/2, z) and

(ρ = a, π/2 < φ < 3π/2, z) results in

Z =
〈V 〉
I

(2.41)

Z =
V

i
(2.42)

〈V 〉// = −iδ2E0

{
(V1(0)/D(0))

a∫
0

J ′0(rc)dρ−
a∫

0

J ′0(r)dρ− (4i/π)

[
(V1(1)/D(1))

a∫
0

J ′1(rc)dρ

+(V2(1)/D(1))

a∫
0

1

ρ
J1(rc)dρ−

a∫
0

J ′1(rc)dρ

]}(
1

l

l/2∫
−l/2

exp(ikδz)dz

)
(2.43)

It is known that the displacement current is given by

ID = −
∫ ∫

ND.dφ.dz, (2.44)

being N the displacement current density, given by

ND =
∂(εE)

∂t
, (2.45)

where ε is the electric permittivity.

The limits for the integral are the same for evaluating VE .

2 Rigorous verification of5×E being locally zero was not a part of this study, however it will be considered in
following works



32

For the currents, one can use the same approach used in (ENGHETA; SALANDRINO; ALÙ,

2005), but for cylindrical coordinates instead of spherical. Thus, integrating, over the surface, the equation

for the continuity of the displacement current (which depends on Ec from 2.30 and Ei from 2.39) one has

Ii// = iωaE0(ε0 − ε)(−iδ)
[
πJ ′0(r)− 4iJ ′1(r)

]( l/2∫
−l/2

exp(ikδz)dz

)
(2.46)

Is// = iωaε0E0(iδ)
{
π(L1(0)/D(0))H ′0(r)− 4i

[
(L1(1)/D(1))H ′1(r)

+V3(1)H1(r)
]}( l/2∫

−l/2

exp(ikδz)dz

) (2.47)

Ic// = iωaε0E0(−iδ)
{
π(V1(0)/D(0))J ′0(rc)− J ′0(r)− 4i

[
(V1(1)/D(1))J ′1(rc)

+(V2(1)/aD(1))J1(rc)− J ′1(r)
]}( l/2∫

−l/2

exp(ikδz)dz

)
,

(2.48)

being Ii//, I
s
//, I

c
// the incident, scattered and internal displacement currents respectively. L1, D, V1, V2

and V3 are coefficients to be determined.

Applying the tangential continuity of the electrical and magnetic fields as boundary conditions

given by

Eiz + Esz = Ecz (2.49)

Eiφ + Esφ = Ecφ (2.50)

H i
z +Hs

z = Hc
z (2.51)

H i
φ +Hs

φ = Hc
φ (2.52)

One may deduce the expressions for V1(m), V2(m), V3(m), L1(m) and D(m):

V1(m) = −(ka)2(1− δ2)3/2(M2 − δ2)×
[
(1− δ2)1/2A2(m)− (M2 − δ2)1/2A3(m)

]
(2.53)

V2(m) = −am2(1−M2)(1− δ2)A14(m)A4(m) (2.54)

V3(m) = m2(M2 − δ2)A14(m)A1(m) (2.55)
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L1(m) = (ka)2(1− δ2)3/2(M2 − δ2)3/2
[
M2A10(m) +A11(m)

]
+m2δ2(M2 − 1)2A7(m)

−(ka)2(1− δ2)(M2 − δ2)×
[
(M2 − δ2)A8(m) +M2(1− δ2)A9(m)

] (2.56)

D(m) = (ka)2(1− δ2)3/2(M2 − δ2)3/2(M2 + 1)A12(m) +m2δ2(M2 − 1)2A13(m)

−(ka)2(1− δ2)(M2 − δ2)×
[
(M2 − δ2)A6(m) +M2(1− δ2)A5(m)

]
,

(2.57)

in which

A1 = Jm(rc)
2

A2 = J ′m(rc)Hm(r)

A3 = Jm(rc)H
′
m(r)

A4 = Jm(rc)Hm(r)

A5 = [J ′m(rc)Hm(r)]2

A6 = [Jm(rc)H
′
m(r)]2

A7 = Jm(r)Jm(rc)
2Hm(r)

A8 = Jm(rc)
2J ′m(r)H ′m(r)

A9 = Jm(r)J ′m(rc)
2Hm(r)

A10 = Jm(r)Jm(rc)H
′
m(r)J ′m(rc)

A11 = Jm(rc)J
′
m(r)J ′m(rc)Hm(r)

A12 = Jm(rc)J
′
m(rc)Hm(r)H ′m(r)

A13 = [Jm(rc)Hm(r)]2

A14 = Hm(r)J ′m(r)−H ′m(r)Jm(r)

The expressions above are exactly the equation (79)-(92) from (ENGHETA; SALANDRINO;

ALÙ, 2005). Also, the Bessel and Hankel functions (Jm(.) and Hm(.)) and their derivatives can be

expanded in power series:

J0(ς) ≈ 1− ς2

4

J1(ς) ≈
ς

2
− ς3

16

J ′0(ς) ≈ −
ς

2
+
ς3

16

J ′1(ς) ≈
1

2
− 3ς2

16

H0(ς) ≈ 1− ς2

4
− 2i[0.577216 + log(ς/2)]

π

H1(ς) ≈
2i

πς
+
ς

2
− ς3

16
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H ′0(ς) ≈ −
2i

πς
− ς

2
+
ς3

16

H ′1(ς) ≈ −
2i

πς2
+

1

2
− 3ς2

16

Equations 2.43, 2.46-2.48 can be simplified by substituting the equations above (the Am, Bessel

and Hankel functions) to find the closed-form solutions for the average potential difference and total

displacement currents for parallel polarization are obtained, and read as

〈V 〉// =
4E0δ

π

[
(M2 − 1)(M2 + 1− δ2)

(M2 + 1)(M2 − δ2)

](
1

l

l/2∫
−l/2

exp(ikδz)dz

)
(2.58)

Ii// = 2iE0δωε0a(M2 − 1)

( l/2∫
−l/2

exp(ikδz)dz

)
(2.59)

Is// = −2iE0δωε0a

(
M2 − 1

M2 + 1

)( l/2∫
−l/2

exp(ikδz)dz

)
(2.60)

Ic// = 2iE0δωε0a

(
M2M

2 − 1

M2 + 1

)( l/2∫
−l/2

exp(ikδz)dz

)
(2.61)

It is known that complex impedance is given by

Z =
V

I
(2.62)

Finally, substituting the equations 2.58-2.61 in the equation 2.62 the fringing and internal

nanoimpedances for parallel polarization are obtained:

Zc// = −i 2

lπωaε0

1 +M2 − δ2

M2(M2 − δ2)
(2.63)

Zs// = i
2

lπωaε0

1 +M2 − δ2

(M2 − δ2)
(2.64)

Analyzing the equations above, one may conclude that the fringing and internal nanoimpedances

depend on the impinging wave angle of incidence, cylinder dimensions and the relative refractive index of

the material.

2.4.5 Nanoimpedance for Perpendicular Polarization

After finding the closed-form solutions for the nanoimpedances for the case of a incident electric

field with a parallel vibration, one may also find the results for the perpendicular case following the same

steps.
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Now, one must consider the wave equation 2.4 and then with the radial components of the electric

field (Eiρ from 2.30, Esρ from 2.34, Ecρ from 2.39), find the average potential difference between the

hemispheres given by (ρ = a,−π/2 < φ < π/2, z) and (ρ = a, π/2 < φ < 3π/2, z):

〈V 〉⊥ = iδ2E0

{
(V4(0)/D(0))

a∫
0

J ′0(rc)dρ− (4i/πD(1))×

[
V4(1)

a∫
0

J ′1(rc)dρ

+V5(1)

a∫
0

1

ρ
J1(rc)dρ+ V6(1)

a∫
0

J ′1(rc)dρ

]}(
1

l

l/2∫
−l/2

exp(ikδz)dz

) (2.65)

For the currents, one can integrate over the surface the equation for the continuity of the displace-

ment current (which depends on Ec from 2.30 and Ei from 2.39) and find

Ii⊥ = iωaE0(ε0 − ε)
[

4

k
√

1− δ2
J1(r)

]( l/2∫
−l/2

exp(ikδz)dz

)
(2.66)

Is⊥ = iωaε0E0(−iδ)
{
π(L2(0)/D(0))H ′0(r) + (4/D(1))

[
L2(1)H ′1(r)

+V7(1)H1(r)
]}( l/2∫

−l/2

exp(ikδz)dz

) (2.67)

Ic⊥ = iωaε0E0(iδ)
{
π(V4(0)/D(0))J ′0(rc) + (4/D(1))×

[
V4(1)J ′1(rc)

+a−1V5(1)J1(rc)a
−1V6(1)J1(r)

]}( l/2∫
−l/2

exp(ikδz)dz

) (2.68)

Using the same boundary conditions used for the parallel case (equations 2.49 to 2.52), one may

deduce the expressions for the coefficients V4(m), V5(m), V6(m), V7(m) and L2(m):

V4(m) = i(ka)(mδ)(M2 − 1)(M2 − δ2)1/2(1− δ2)A14(m)A4(m) (2.69)

V5(m) =
im

kδ
(ka)2(1− δ2)3/2(M2 − δ2)1/2

[
M2(1− δ2)1/2A2(m)− (M2 − δ2)1/2A3(m)

]
(2.70)

V6(m) =
im

kδ
(ka)2(1− δ2)1/2(M2 − δ2)3/2

{
(1− δ2)1/2(M2 + 1)A12(m)− (M2 − δ2)1/2

×
[
(M2 − δ2)A6(m) +M2(1− δ2)A5(m)

]
+m2δ

(M2 − 1)2

(1− δ2)1/2
A13(m)

} (2.71)
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V7(m) =
im

kaδ(1− δ2)1/2

{
− (ka)2(1− δ2)3/2(M2 − delta2)3/2 ×

[
M2A11(m)

+A10(m)

]
−m2δ2(M2 − 1)1/2A7(m) + (ka)2(1− δ2)(M2 − delta2)

+

[
(M2 − delta2)A8(m) +M2(1− delta2)A9(m)

]} (2.72)

L2(m) = −i(ka)(mδ)(M2 − delta2)(1− delta2)1/2A14(m)A1(m) (2.73)

Using equations 2.69-2.73 and the Am, Bessel and Hankel functions expanded in power series,

one can simplify equations 2.65, 2.66, 2.67 and 2.68 to

〈V 〉⊥ =
4E0

kπ

[
(M2 − 1)(2kδ2 −M2ka)

(M2 + 1)(M2 − δ2)

](
1

l

l/2∫
−l/2

exp(ikδz)dz

)
(2.74)

Ii⊥ = −2iE0ωε0a(M2 − 1)

( l/2∫
−l/2

exp(ikδz)dz

)
(2.75)

Is⊥ = 2iE0ωε0a

(
M2 − 1

M2 + 1

)( l/2∫
−l/2

exp(ikδz)dz

)
(2.76)

Ic⊥ = −2iE0ωε0a

(
M2M

2 − 1

M2 + 1

)( l/2∫
−l/2

exp(ikδz)dz

)
(2.77)

Finally, substituting the equations 2.58-2.61 in the equation 2.62 the fringing and internal

nanoimpedances for parallel polarization are obtained:

Zc⊥ = i
1

lπωε0

[
1

M2 − δ2

(
2kδ2

xM2
− 1

)]
(2.78)

Zs⊥ = −i 1

lπωε0

[
1

M2 − δ2

(
2kδ2

x
−M2

)]
(2.79)

2.5 Normal Incidence

The process to deduce the equations in this chapter can also be found at (GROSSI; AMBROSIO,

2019).

Examining the equations 2.63, 2.64, 2.78 and 2.79 for specific and common angles of wave

incidence allows one to deepen our analysis and get more insights.
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For a normally impinging wave, with δ = 0 (ξ = π/2), the equations mentioned above simplify

to

Zc// = −i 2k

lπωε0

1 +M2

xM4
= −i 2

lπaωε0

1 + εrel
ε2rel

(2.80)

Zs// = i
2

lπaωε0

1 + εrel
εrel

(2.81)

Zc⊥ = −i 1

lπωε
(2.82)

Zc⊥ = i
1

lπωε
(2.83)

Paying close attention, the structure of the equations is very similar to the ones mentioned in the

beginning of the chapter 2 for the inductors (2.1) and capacitors (2.2). Depending on the values assigned

for the relative permittivity (εrel), the impedance will have a inductive or capacitive characteristic.

In order to make it more clear, consider the parallel polarization case:

For the internal impedance, whenever εrel > −1 (including the plasmonics with −1 < εrel < 0

and dielectrics with ε > 0) the cylinder behaves as a capacitor, since the equation 2.83 has a negative

value. The variable C (capacitance) from equation 2.2 reads as

Cc// =
lπaε0

2

ε2rel
1 + εrel

, εrel > −1 (2.84)

It is important to notice that for εrel = −1 it would act as a short circuit, and for εrel = 0 it acts

as an open circuit.

Also for the internal impedance, when εrel < −1 the cylinder behaves as an inductor and can be

compared with equation 2.1. The inductance L that reads as

Lc// = − 2

lπaω2ε0

1 + εrel
ε2rel

, εrel < −1 (2.85)

The same can be done for the fringing impedance. If −1 < εrel < 0 the cylinder behaves as a

capacitor with C corresponding to

Cs// = − lπaε0
2

εrel
1 + εrel

, −1 < εrel < 0 (2.86)

And again for the fringing impedance, the cylinder acts as an inductor for εrel > 0 and εrel < −1.

The inductance L is given by

Ls// =
2

lπaω2ε0

1 + εrel
εrel

, εrel < −1orεrel > 0 (2.87)

Consequently, whenever the cylinder is dielectric (εrel > 0) a resonance will occur and Zc// +

Zs// = 0 for ε = 1.
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Equivalently, one can derive the C and L variables for the perpendicular polarization. For the

internal impedance:

Cc⊥ = lπε, ε > 0 (2.88)

Lc⊥ = − 1

lπω2ε
, ε < 0 (2.89)

Nevertheless, the fringing impedance will always be associated with an inductor, regardless of

the permittivity ε of the cylinder:

Ls⊥ =
1

lπω2ε0
, ∀ε (2.90)

Notice that for the perpendicular polarization, Zc⊥ + Zs⊥ = 0 only when εrel = 1, thus the

intensity distribution profile of the wave would not be disturbed. Also the average potential difference

here will appear between the hemispheres (ρ = a, 0 < φ < π, z) and (ρ = a, π < φ < 2π, z).

The impedances have a dependence on l as a consequence of the derivation of the average

potential difference and the total displacement currents. Since the integral
l/2∫
−l/2

exp(ikδz)dz is indefinite

for z →∞, for the approach to be valid l must be much bigger than the diameter (l >> a).

2.6 Parallel Incidence

The process to deduce the equations in this chapter can also be found at (GROSSI; AMBROSIO,

2019).

The same rationale from last section (2.5) will be applied, but now for a plane wave from +z to

−z with its electric field always perpendicular to the surface, i.e. δ = 1(ξ = 0). Using this, to equations

2.63, 2.64, 2.78 and 2.79 simplify to

Zc// = −i 2

lπωaε0

1

(M2 − 1)
= −i 2

lπaωε0

1

(εrel − 1)
(2.91)

Zs// = i
2

lπaωε0

M2

(M2 − 1)
= −εrelZc// (2.92)

Zc⊥ = i
1

lπωε0

[
1

M2 − 1

(
2

aM2
− 1

)]
≈ i 1

lπωaε0

[
1

εrel(εrel − 1)

]
(2.93)

Zs⊥ = −i 1

lπωε0

[
M2

M2 − 1

(
2

aM2
− 1

)]
(2.94)

As expected, the equations above can also be compared with equations 2.1 and 2.2. Assigning

values to εrel for the parallel case, one get the following terms for capacitance and inductance

Cc// =
lπaε0

2
(εrel − 1), εrel > 1 (2.95)

Lc// = −2
1

lπω2aε0(εrel − 1)
, εrel < 1 (2.96)
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Cs// = − lπaε0
2

(εrel − 1)

εrel
, 0 < εrel < 1 (2.97)

Ls// =
2

lπaω2ε0

εrel
(εrel − 1)

, εrel < 0orεrel > 1 (2.98)

The equations show that for εrel → 1, Zc// and Zs// tend to behave as an open-circuit. For εrel = 0,

Zc// →∞ and Zs// = 0 (with no current flowing through the circuit). This means that for the wave there

is a short-circuit associated with the zero fringing impedance, forcing the current to flow only through the

short-circuit.

Now, for the perpendicular polarization

Cc⊥ = − lπaε
2

(εrel − 1), 0 < εrel < 1 (2.99)

Lc⊥ = 2
1

lπω2aε(εrel − 1)
, ε > 1orεrel < 0 (2.100)

Cs⊥ =
lπaε0

2
(εrel − 1), εrel > 1 (2.101)

Ls⊥ = −2
1

lπω2aε0(εrel − 1)
, εrel < 1 (2.102)

The same conclusion for εrel → 1 can be drawn from the equations above: Zc// and Zs// tend to

behave as an open-circuit. But for εrel = 0, the current flows through Zs// 6= 0.
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3 ANALYTICAL ANALYSIS AND FIELD VISUALIZATION

3.1 Analytical Analysis

After describing the closed-form solutions for the internal and fringing impedances, and investi-

gating closer the δ = 1 and δ = 0 cases, it is important to analyze how each function behaves analytically

to get more insights. Values will be used to evaluate specific scenarios.

First, the average potential difference for parallel and perpendicular polarizations will be analyzed.

As performed in (GROSSI; AMBROSIO, 2019), in Figure 2, 〈V 〉// and 〈V 〉⊥ have been normalized by

the factor E0
l

l/2∫
−l/2

exp(ikδz)dz and evaluated for four different wave incidence angles varying εrel from

−1.5 to +1.5. It was set ka = 0.001, a = 50 nm (implying ω = 6× 1012 rad/s). The normalization is

necessary to disconsider the effects of the finite length of the cylinder and, consequently, of the fringing

fields, and also the field strength, so one can better analyze the results.

Figure 2: Normalized average potential difference for parallel (a) and perpendicular (b) polarizations as a
function of the relative permittivity for different incident angles
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For the parallel polarization there are points where 〈V 〉// = 0, them being at εrel = 0, εrel =

−0.5, εrel = −0.71 and εrel = −0.87 for ξ = 0, ξ = π/6, ξ = π/4 and ξ = π/3 respectively. This can

be deduced inspecting equation 2.43. For passive materials

〈V 〉// = 0 → M = −i
√

1− δ2 (3.1)

Doing the same for the perpendicular polarization:

〈V 〉⊥ = 0 → M = δ
√

2/a (3.2)

Thus the zero potential is only possible when δ → 0 and 2/a >> 1.

It can also be seen that there are singularities for the potentials, at the points given by M2 = δ2

(GROSSI; AMBROSIO, 2019). This can be deduced from equations 2.43 and 2.65. These singularities

can be eliminated including losses, that can be done by introducing resistors to the model. This will not be

done in the study.

Now, the analysis will be done for the nanoimpedances. The functions in analysis will be from

equations 2.63, 2.64 for the parallel polarization and from 2.78, 2.79 for the perpendicular case. It was set

ka = 0.001, a = 10 nm, l/a = 100 (configuring an infinite cylinder) and again the plots will vary for

εrel ranging from −1, 5 to +1, 5 (divided for the positive and negative values).

When the nanoimpedance assume a negative value, it should be understood as a nanocapacitor.

And when positive, should be understood as a nanoinductor. From the equations mentioned in the last

paragraph, one can deduce (this can also be found at (GROSSI; AMBROSIO, 2019)):

Cc// =
1

ω|Z|c//
=

[
2

lπε0

1 + εrel − δ2

aεrel(εrel − δ2)

]−1
, |Z|c// < 0 (3.3)

Lc// =
|Z|c//
ω

=
2

lπω2ε0

1 +M2 − δ2

aM2(M2 − δ2)
, |Z|c// > 0 (3.4)

Cc⊥ =
1

ω|Z|c⊥
=

{
1

lπε0

[
1

(M2 − δ2)

(
2kδ2

xM2
− 1

)]}−1
, |Z|c⊥ < 0 (3.5)

Lc⊥ =
|Z|c⊥
ω

=
1

lπω2ε0

[
1

(M2 − δ2)

(
2kδ2

xM2
− 1

)]
, |Z|c⊥ < 0 (3.6)

Figures 2 and 3 refer to the parallel polarization for the fringing and internal impedances, respec-

tively. Figures 4 and 5 refer to the perpendicular polarization for the fringing and internal impedances,

respectively.
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Figure 3: Internal nanoimpedance as a
function of εrel for a parallel polariza-
tion; the slope for δ = 1 is multiplied
by 100

Figure 4: Fringing nanoimpedance as
a function of εrel for a parallel polar-
ization

Figure 5: Internal nanoimpedance as
a function of εrel for a perpendicular
polarization

Figure 6: Fringing nanoimpedance as
a function of εrel for a perpendicular
polarization
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In Figure 3, for δ = cos(π/4) the impedance is characterized by an inductor for εrel from −∞ to

−0.5 and also from 0.25 to +∞. For εrel between −0.5 and the singularity at 0.25 it acts as a capacitor

for example. Also, for εrel = −0.4, if δ = cos(π/4) one has a capacitive behavior (negatively valued

impedance). For the same εrel, using δ = cos(π/6) the behavior is of an inductor (positive impedance).

Thus, varying δ or εrel one can achieve different behavior, as previously predicted.

This analysis can be done for all the graphs.

3.2 Electric Field Visualization

Finally, to get some more physical insights of the problem, using the commercial software

Mathematica 12.0, two situations are analyzed and the incident and scattered electric fields are spatially

plotted. Besides seeing how the electric field scatters, this simulation will be used as a parameter to

confirm if a future simulation done with the software COMSOL Multiphysics is correctly solving the

problem. It will be published in (GROSSI; AMBROSIO, 2019).

The logical path to make this simulation is to use the equations for the fields derived previously

in this work. However, besides being an interesting conceptual problem, calculating the beam shape

coefficients (BSCs) is a fairly complex task. In order to avoid it, the equations described in (BOHREN;

HUFFMAN, 1998) in the section 8.4 are adapted to fit this purpose. Basically, the only equations needed

are the expansion of the plane-wave and its respective scattered fields. In the book, the deductions are

done using a vectorial approach, instead of the scalar method used previously (the Bromwich method).

3.2.1 Parallel Polarization

The equations used are here shortly introduced. Details can be found at (BOHREN; HUFFMAN,

1998).

One may observe that the equations 2.30 and 2.34 can be reduced to the equations 3.8 and 3.9

bellow for the case of a plane-wave. It is important to notice that the time harmonic factor used throughout

this work is exp(+iωt), but in the formulation from (BOHREN; HUFFMAN, 1998), exp(−iωt) is used.

Thus, it implies the inversion of the Hankel function from H
(2)
m to H(1)

m . Also, in this formulation, there is

no dependence on the cylinder length.

The wave considered for this formulation is the same that was previously used in chapter 2, but

with the inversion of the time harmonic factor. Thus, the incident electric field is described by the equation

2.3 with a negative exponential signal instead of the positive.

E//i = E0(sin ξêz − cos ξêx)× exp[−ik(ρ sin ξ cosφ+ z cos ξ)] (3.7)

It can be expanded in cylindrical vectorial harmonic functions. The scattered field follows a

similar process. Based on the section 8.4 from (BOHREN; HUFFMAN, 1998), one can write for the

parallel polarization:

Ei =
∞∑

n=−∞

(−i)nE0

k sin ξ
N (1)
n (3.8)
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Es = −
∞∑

n=−∞

(−i)nE0

k sin ξ

[
ianM

(3)
n + bnN

(3)
n

]
(3.9)

In equations above, and for the perpendicular case that will be presented in next section, one has:

M (1)
n =

√
k2 − (−k cos ξ)2

(
in
Jn(kρ sin ξ)

kρ sin ξ
ρ̂− J ′n(kρ sin ξ)φ̂

)
exp[i(nφ− kz cos ξ)] (3.10)

M (3)
n =

√
k2 − (−k cos ξ)2

(
in
H

(1)
n (kρ sin ξ)

kρ sin ξ
ρ̂−H ′n(1)(kρ sin ξ)φ̂

)
exp[i(nφ− kz cos ξ)] (3.11)

N (1)
n =

√
k2 − (−k cos ξ)2

k

(
− ik cos ξJ ′n(kρ sin ξ)ρ̂+ nk cos ξ

Jn(kρ sin ξ)

kρ sin ξ
φ̂

+
√
k2 − (−k cos ξ)2Jn(kρ sin ξ)ẑ

)
exp[i(nφ− kz cos ξ)]

(3.12)

N (3)
n =

√
k2 − (−k cos ξ)2

k

(
− ik cos ξH ′n

(1)(kρ sin ξ)ρ̂+ nk cos ξ
H

(1)
n (kρ sin ξ)

kρ sin ξ
φ̂

+
√
k2 − (−k cos ξ)2H(1)

n (kρ sin ξ)ẑ

)
exp[i(nφ− kz cos ξ)],

(3.13)

being m the relative refractive index, an and bn given by:

an =
CnVn −BnDn

WnVn − iD2
n

(3.14)

bn =
WnBn + iDnCn
WnVn − iD2

n

, (3.15)

where

Bn = ka sin ξ

[
m2ka sin ξJ ′n

(
ka
√
m2 − cos2 ξ

)
Jn(ka sin ξ)

−ka
√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ

)
J ′n(ka sin ξ)

] (3.16)

Cn = n(cos ξ)ka
√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ

)
Jn(ka sin ξ)(

(ka sin ξ)2

k2a2(m2 − cos2 ξ)
− 1

) (3.17)

Dn = n(cos ξ)ka
√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ

)
H(1)
n (ka sin ξ)(

(ka sin ξ)2

k2a2(m2 − cos2 ξ)
− 1

) (3.18)
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Vn = ka sin ξ

[
m2ka sin ξJ ′n

(
ka
√
m2 − cos2 ξ

)
H(1)
n (ka sin ξ)

−ka
√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ

)
H ′n

(1)(ka sin ξ)

] (3.19)

Wn = ika sin ξ

[
ka
√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ)H ′n

(1)(ka sin ξ)

−ka sin ξJ ′n

(
ka
√
m2 − cos2 ξ

)
H(1)
n (ka sin ξ)

] (3.20)

In 3.14 to 3.20, there is the assumption that the cylinder does not have magnetic properties, i.e., its

permeability is µ = µ0. Also, it is important to notice that the equations are for the incident and scattered

fields that are valid only for r ≥ a (the region outside of the cylinder).

Now, since the ρ component is of interest, one may deduce:

Eiρ =
Nmax∑

n=−Nmax

(
(−i)n

k sin(ξi)
N (1)
n

)
(3.21)

Esρ = −
Nmax∑

n=−Nmax

(
(−i)n

k sin(ξi)
(ianM

(3)
n + bnN

(3)
n )

)
(3.22)

The evaluation of the field component is done for n = −10 to n = 10, which is sufficient. This

number has been evaluated using the following equation, used for truncation of terms for the case of a

sphere ():

Nmax = kr + 4(kr)1/3 + 1 (3.23)

where r is space where the equation is evaluated and k is the wave number. It is accurate if 0.02

µm < r < 8 µm. Other values were tested to assure the validity for the cylinder case.

The equations above can be written in Mathematica and evaluated for a particular situation.

The cylinder has to have its radius much smaller than the wavelength of the incident wave. A

good value is a = λ/20. Thus, setting λ = 600 nm (in the optical spectrum), makes a = 30 nm. The

expressions assume an infinite length, so no value must be defined. The cylinder is spatially oriented as

described in 1. ξ = π/4.

For the material, there are two different ones. The first is a dielectric with the relative refractive

index n = 1.2. And the second, in order to simulate a plasmonic, n = 1.2i. Both non-magnetic (µ = µ0).

To clarify, n, the relative refractive index, is given by

n2 = εµ (3.24)

, which means that, since the relative permeability is 1, the permitivitty is ε = −(1.2)2.
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Figure 7: Incident and scattered electric field components for a parallel polarized incident plane wave
impinging over a nanocylinder with n = 1.2i; xy view

Figure 8: Incident and scattered electric field components for a parallel polarized incident plane wave
impinging over a nanocylinder with n = 1.2i; xz view

Figure 9: Incident and scattered electric field components for a parallel polarized incident plane wave
impinging over a nanocylinder with n = 1.2; xy view
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Figure 10: Incident and scattered electric field components for a parallel polarized incident plane wave
impinging over a nanocylinder with n = 1.2; xz view

The results can be seen clearly in the Figures 7 to 10. As expected, the incident and scattered

electric fields are stronger near the nanocylinder, since the higher order terms have less impact.

Another effect to consider is the electric dipole between two hemispheres of the cylinder surface.

This can be seen analyzing mainly the Figures 7 and 9. The plasmonic material generated a more

symmetrical dipole, but for the dielectric it can still be seen. The importance of such behavior is that

to calculate the nanoimpedance, as seen previously, it is necessary to calculate the average potential

difference the hemispheres. Analyzing equation 2.62, the bigger the average potential difference the

greater is the impedance value.

3.2.2 Perpendicular Polarization

The perpendicular case follows the same procedure done for the parallel case.

The incident electric field equations has also the inverted exponential signal:

E⊥i = E0êyexp[−ik(ρsinξcosφ+ zcosξ)] (3.25)

Instead of 3.21 and 3.22, one has

Ei = −i
∞∑

n=−∞

(−i)nE0

k sin ξ
M (1)
n (3.26)

Es =
∞∑

n=−∞

(−i)nE0

k sin ξ

[
icnM

(3)
n + dnN

(3)
n

]
, (3.27)

where cn and dn are

cn = −AnVn − iCnDn

WnVn − iD2
n

(3.28)

dn = −iCnWn +AnDn

WnVn − iD2
n

, (3.29)
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with the same Bn, Cn, Dn, Vn and Wn and now An where

An = ika sin ξ

[
− ka

√
m2 − cos2 ξJn

(
ka
√
m2 − cos2 ξ)J ′n(ka sin ξ)

+ka sin ξJ ′n

(
ka
√
m2 − cos2 ξ

)
Jn(ka sin ξ)

] (3.30)

The situations for the simulations are exactly the same as the previous section 3.2.1, except that

now the impinging plane-wave is perpendicularly polarized.

The results in the Figures 11 to 14 are similar to those found before. One important insight is that

the dipole is no longer found in the x-axis direction, but on the y-axis’.

Figure 11: Incident and scattered electric field components for a perpendicularly polarized incident plane
wave impinging over a nanocylinder with n = 1.2i; xy view

Figure 12: Incident and scattered electric field components for a perpendicularly polarized incident plane
wave impinging over a nanocylinder with n = 1.2i; xz view
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Figure 13: Incident and scattered electric field components for a perpendicularly polarized incident plane
wave impinging over a nanocylinder with n = 1.2; xy view

Figure 14: Incident and scattered electric field components for a perpendicularly polarized incident plane
wave impinging over a nanocylinder with n = 1.2; xz view

These plots will be used for future reference in other articles.
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4 CONCLUSION

The expressions for the nanoimpedances were analytically deduced using the GLMT theory.

The dependence on the wave’s incidence angle and the material’s electric and magnetic properties

were observed. Also, for specific conditions, the capacitive and inductive behavior were mathematically

analyzed.

Later, through a analytical point of view, the equations were investigated and revealed points of

resonances and, for a specific situation, the regions in which the cylinder acted as capacitor or inductor.

And finally, the electric field expansions were evaluated bringing insights on how it reacted to the

nanocylinder and unveiled the expected generation of a dipole.

This research successfully expanded other articles, and hopefully will be further expanded. There

are numerous possibilities for future works. A study can be done regarding the validity of the expressions

derived here for bigger incidence angles. Also, new numerical analysis can be done in order to analyze

different parameters. Additionally, simulations may be executed using commercial softwares based on

finite elements method, such as COMSOL Multiphysics, HFSS, CST and others.
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